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In this paper, we establish an asymptotic formula, for large radius r, for the num-
ber of representations of a nonzero integer k by the Lorentzian quadratic form
x21+x
2
2+ } } } +x
2
n&x
2
n+1 that are contained in the ball of radius r centered at the
origin in Euclidean (n+1)-space.  1997 Academic Press
1. INTRODUCTION
In this paper, we establish an asymptotic formula, for large r, for the
number s(n, k, r) of integral solutions of the equation
x21+x
2
2+ } } } +x
2
n&x
2
n+1=k (1)
with x21+x
2
2+ } } } +x
2
n+1r
2, where n2 and k is any nonzero integer
which is not a square in case n=2. If Eq. 1 is satisfied, then
x21+ } } } +x
2
n+1r
2 if and only if x2n+1(r
2&k)2. It turns out that, for
the Lorentzian quadratic form x21+ } } } +x
2
n&x
2
n+1 , time t measured by the
(n+1) st coordinate is a more natural measure of extent than Euclidean
distance. We will therefore first establish an asymptotic formula, for large
t, for the number r(n, k, t) of integral solutions of Eq. 1 with |xn+1 |t. We
show that
r(n, k, t)t
Vol(Sn&1)
n&1
$(n, k) tn&1 as t  , (2)
where Vol(Sn&1) is the (n&1)-dimensional measure of the unit (n&1)-
sphere Sn&1 and $(n, k) is the density of the representation, Eq. 1, in the
sense of Siegel [18].
To obtain an asymptotic formula for s(n, k, r), we let t2=(r2&k)2.
Then Formula 2 implies that
s(n, k, r)t
Vol(Sn&1)
(n&1) 2(n&1)2
$(n, k) rn&1 as r  . (3)
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That an asymptotic formula for r(n, k, t) exists is already known, see de
Lury [4], Patterson [13], and Borovoi and Rudnick [1]. The known
asymptotic formula for r(n, k, t) is expressed abstractly in the form
r(n, k, t)tcn $(n, k) tn&1 as t  ,
where cn is a constant called the singular integral. The singular integral for
the Lorentzian quadratic form seems to be known only for n=2, 3, see de
Lury [4]. We show that cn=Vol(Sn&1)(n&1) for all n2. The density
$(n, k) (also called the singular series) is an infinite product
$(n, k)=‘
p
$p(n, k)
over all prime numbers p. All the factors $p(n, k) are known except the first
$2(n, k). We determine $2(n, k) and give explicit formulas for the density
$(n, k). See Tables 15 in Section 5 for the values of the coefficient of tn&1
in Formula 2 for n=2, ..., 6 and small values of k. There are some surprises
in our explicit formulas. The coefficient of tn&1 in Formula 2 is a rational
number when n is even and &k is a square. The coefficient of tn&1 in
Formula 2 is an even function of k when n#1 mod 4.
Let rn(m) be the number of representations of m as the sum of n squares.
Then
r(n, k, t)= :
|m|t
rn(m2+k),
and so Formula 2 is equivalent to the formula
:
t
m=1
rn(m2+k)t
?n2 $(n, k)
(n&1) 1(n2)
tn&1 as t  . (4)
Thus we have an asymptotic formula for the mean value of the number of
representations of an integer as the sum of n squares along a second-order
arithmetic progression m2+k.
To establish Formula 2 for negative k, we use the hyperbolic lattice point
theorem of Lax and Phillips [11], as improved by Levitan [12], and
Siegel’s main theorem [20]. Using results of Cogdell, Li, Piatetski-Shapiro,
and Sarnak [2] or Elstrodt, Grunewald, and Mennicke [7] on the eigen-
values of the LaplaceBeltrami operator, we obtain the error term of
O(tn&1&12) for Formula 2 when n>2 and k is negative. For n=2 and k
negative, we derive the error term O(t23). To establish Formula 2 for
positive k, we use results of Duke, Rudnick, and Sarnak [5] or Eskin and
McMullen [8] on counting integer points and Siegel’s main theorem.
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This paper is organized as follows: In Section 2, we establish Formula 2
for negative k, and in Section 3, we establish Formula 2 for positive k. In
Section 4, we derive an explicit formula for the 2-adic density $2(n, k) of
the representation, Formula 1. In Section 5, we derive explicit formulas for
the density $(n, k).
2. DERIVATION FOR NEGATIVE k
Let H n be hyperbolic n-space. There are various models for H n. The
upper-half space model of Hn is
[(x1 , x2 , ..., xn) # Rn : xn>0]
with the Riemannian metric
ds2=
dx21+dx
2
2+ } } } +dx
2
n
x2n
.
The LaplaceBeltrami operator with respect to this metric is
2=x2n :
n
j=1
2
x2j
&(x&2) xn

xn
.
Let 1 be a discrete group of orientation preserving isometries of Hn
such that Vol(Hn1 )<. Let C0 (H
n1 ) be the set of all 1-invariant
C-functions f on Hn such that the projection of the support of f to H n1
is compact. Then there exists only finitely many eigenvalues of the operator
&2 : C0 (H
n1 )  L2(Hn1 )
counted with multiplicities such that
0<*1*2 } } } *N<\n&12 +
2
.
The eigenvalues *1 , ..., *N (N0) are called the exceptional eigenvalues of &2.
The following theorem was proved by Lax and Phillips [11] and was
improved by Levitan [12]. See also Elstrodt, Grunewald, and Mennicke [6].
Theorem 1 (Hyperbolic Lattice Point Theorem). Let 1 be a discrete
group of orientation preserving isometries of Hn such that Vol(Hn1 )<.
Let *1 , ..., *N (N0) be the exceptional eigenvalues of
&2 : C0 (H
n1 )  L2(Hn1 )
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with corresponding orthonormal eigenfunctions ,1 , ..., ,N . Define
sj=
n&1
2
+\n&12 +
2
&*j for j=1, ..., N.
Then
n&1>s1 } } } sN>
n&1
2
and for all points x, y in Hn, as r  ,
|[g # 1 : d(x, gy)r]|
=
Vol(Sn&1) e(n&1) r
2n&1(n&1) Vol(Hn1)
+?(n&1)2 :
N
j=1
1(sj&
n&1
2
)
1(sj+1)
,j (x) ,j ( y) esj r+O \exp \n \n&1n+1+ r++ .
The Lorentzian inner product on Rn+1 is defined by
x b y=x1 y1+x2 y2+ } } } +xn yn&xn+1yn+1.
A Lorentz transformation of Rn+1 is a linear transformation of Rn+1 that
preserves Lorentzian inner products. The matrix of a Lorentz transforma-
tion with respect to the standard basis of Rn+1 is called a Lorentzian
matrix.
The hyperboloid model of hyperbolic n-space is the metric space
Hn=[x # Rn+1 : x b x=&1 and xn+1>0]
with metric d defined by
cosh d(x, y)=&x b y.
A Lorentz transformation of Rn+1 is either positive or negative according
as it maps Hn to H n or &H n. The isometries of Hn correspond, by restric-
tion, to the positive Lorentz transformations of Rn+1. A Lorentzian matrix
is said to be positive if the corresponding Lorentz transformation is
positive. We shall identify the group of isometries of Hn with the group
PO(n, 1) of positive Lorentzian (n+1)_(n+1)-matrices. The group of
orientation preserving isometries corresponds to the subgroup PSO(n, 1) of
PO(n, 1) of determinate one matrices. Let 1=PO(n, 1 ; Z) be the subgroup
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of PO(n, 1) of integral matrices and let 10=PSO(n, 1 ; Z) be the subgroup
of 1 of determinant one matrices. Then 10 is a subgroup of 1 of index two.
The following theorem was proved by Cogdell, Piatetski-Shapiro, Li, and
Sarnak [2] and independently by Elstrodt, Grunewald, and Mennicke [7].
Theorem 2. The first nonzero eigenvalue for 10=PSO(n, 1 ; Z) has the
lower bound *1(2n&3)4 for all n>2.
By Theorem 2, we have that
s1 =
n&1
2
+\n&12 +
2
&*1

n&1
2
+\n&12 +
2
&\2n&34 +
=n&1&12.
Moreover, n&1&12n(n&1)(n+1) if and only if n3. Thus for
10=PSO(n, 1 ; Z), with n>2, Theorem 1 implies that, as r  ,
|[g # 10 : d(x, gy)r]|=
Vol(Sn&1) e(n&1) r
2n&1(n&1) Vol(H n10)
+O(e(n&1&12) r). (5)
Let h be an element of 1 which is not in 10 . Then by Formula 5, with y
replaced by hy, we have
|[g # 10 : d(x, ghy)r]|=
Vol(S n&1) e(n&1) r
2n&1(n&1) Vol(Hn10)
+O(e(n&1&12)r). (6)
Now since 1 is the disjoint union of its cosets 10 and 10h, we deduce by
adding Formulas 5 and 6 that
|[g # 1 : d(x, gy)r]|=
Vol(Sn&1) e(n&1) r
2n&1(n&1) Vol(Hn1 )
+O(e(n&1&12) r). (7)
We now consider the case n=2. The group 1 is a triangle reflection
group with fundamental domain the triangle T in Fig. 7.3.3 on p. 300 of
Ratcliffe [15]. The group 1 contains a subgroup 11 of index 8 such that
H211 is the thrice-puncture sphere that is obtained by identifying the two
top and two bottom sides of the ideal square in Fig. 7.3.3 by orientation
preserving elements of 1. The group 11 corresponds to the principal con-
gruence 2 subgroup of PSL(2, Z). See Example 2 on p. 425 of Ratcliffe
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[15]. Hence 11 has no exceptional eigenvalues [10]. Therefore Theorem 1
implies that, as r  ,
|[g # 11 : d(x, gy)r]|=
?er
Vol(H 211)
+O(e2r3). (8)
Now since 1 is the disjoint union of its 11 -cosets, we deduce from adding
eight applications of Eq. 8, one for each coset of 11 , that
|[g # 1 : d(x, gy)r]|=
?er
Vol(H21 )
+O(e2r3). (9)
Suppose k is a negative integer, and let x=(x1 , ..., xn+1) be an integral
solution of Eq. 1. Then xn+1 is nonzero. We call x a positive (resp.
negative) solution of Eq. 1 if xn+1 is positive (resp. negative). The solutions
of Eq. 1 pair off into positive-negative pairs. The group 1 acts on the set
of positive integral solutions of Eq. 1 and there is a finite set of 1-orbits.
Let F be a fundamental set of positive integral solutions of Eq. 1, that is,
a set of representatives of the 1-orbits. Assume that x is a positive integral
solution if Eq. 1. Then there is a y in F and a g in 1 such that x= gy.
Observe that x- |k| and y- |k| are points in Hn and x- |k|= gy- |k|.
Let en+1=(0, ..., 0, 1) in Rn+1. Then
cosh d(en+1 , gy- |k| )=&en+1 b gy- |k|
=&en+1 b x- |k|=xn+1 - |k|.
Let t=- |k| cosh r. Then d(en+1 , gy- |k| )r if and only if xn+1t.
Moreover, as r  ,
ert2 cosh r=2t- |k|.
Suppose n>2. Then from Eq. 7, we have
|[g # 1 : d(en+1, gy- |k| )r]|
=
Vol(Sn&1)e(n&1) r
2n&1(n&1) Vol(H n1 )
+O(e(n&1&12) r).
Let 1y be the stabilizer of y in 1. Then 1y is a finite group and
:
y # F
|[g # 1 : d(en+1 , gy- |k| )r]||1y |
=
Vol(Sn&1) e (n&1) r
2n&1(n&1) Vol(Hn1 )
:
y # F
1
|1y |
+O(e(n&1&12) r). (10)
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The left side of Eq. 10 is the number of positive integral solutions x of Eq. 1
such that xn+1t, which is r(n, k, t)2. Therefore, we have
r(n, k, t)=
2Vol(Sn&1) tn&1
(n&1) Vol(H n1 ) |k| (n&1)2
:
y # F
1
|1y |
+O(tn&1&12). (11)
If n=2, then the above equation holds by the same reasoning with the
error term replaced by O(t23).
Let J=diag(1, ..., 1, &1) be the matrix of the Lorentzian quadratic form
x21+ } } } +x
2
n&x
2
n+1. Siegel’s main theorem of the analytic theory of quad-
ratic forms [18, 19] for the Lorentzian quadratic form says that the
measure M(J, k) of the representation, Eq. 1, is given by the formula
M(J, k)=+(J) $(J, k), (12)
where +(J) is the measure of 1 and $(J, k) is the density of the repre-
sentation, Eq. 1. Following the notation of Chapter IV of Siegel [20], the
measure M(J, k) is defined by the formula
M(J, k)= :
y # F
+( y, J ), (13)
where +( y, J ) is defined by the formula
+( y, J )=|det W | 12 |
F ( y)
[dY0]
[dq][dR]
(14)
and F ( y) is a fundamental domain for the action of 1y on a space 0(q, R)
and W is a certain matrix. The measure on 0(q, R) is 1y-invariant, and so
+( y, J )=
|det W | 12
|1y | |0(q, R)
[dY0]
[dq][dR]
.
By Theorem 6 in Chapter IV of Siegel [20], we have
|
0(q, R)
[dY0]
[dq][dR]
=\n |k| (1&n)2 |det W |&12,
where
\n= ‘
n
i=1
?i2
1(i2)
. (15)
Therefore, we have
+( y, J )=\n |k| (1&n)2|1y |. (16)
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Thus, we have
M(J, k)=\n |k| (1&n)2 :
y # F
1
|1y |
. (17)
By Theorem 7 in Chapter IV of Siegel [20], we have
+(J )= 12\n Vol(H
n1 ). (18)
On substituting Eqs. 17 and 18 into Eq. 12, we obtain the equation
:
y # F
1
|1y |
=
1
2
|k| (n&1)2 Vol(H n1 ) $(J, k). (19)
The left side of Eq. 19 is called the mass of the representation, Eq. 1. In our
paper [16], we give explicit formulas for Vol(Hn1 ). These formulas com-
bined with our explicit formulas for $(n, k)=$(J, k) yield explicit formulas
for the mass of the representation, Eq. 1. On substituting Eq. 19 into
Eq. 11, we obtain the following theorem.
Theorem 3. Let k be a negative integer. If n>2, then, as t  ,
r(n, k, t)=
Vol(Sn&1)
(n&1)
$(n, k) tn&1+O(tn&1&12).
If n=2, then the above equation holds with the error term replaced by
O(t23).
Phillips and Rudnick [14] have shown that for k=&1 and n>2, the
remainder term in Eq. 7 can grow as large as e(n&2) r, and so the remainder
term in Theorem 3 can grow as large as tn&2.
3. DERIVATION FOR POSITIVE k
Suppose that k is a positive integer which is not a square in case n=2.
The group 1=PO(n, 1; Z) acts on the integral solutions of Eq. 1 and there
is a finite fundamental set F of integral solutions. Let y be in F and let 1y
be the stabilizer of y in 1. Let Py be the hyperplane in Hn that is Lorentz
orthogonal to y. Then 1y acts on Py and Vol(Py1y)< by Seigel’s
analytic theory of quadratic forms. Therefore 1y is infinite.
Let 1 $ be a principal congruence subgroup of 1 of level greater than two.
Then 1 $ is a torsion-free normal subgroup of 1 of finite index. For each y
in F, let Ry be a set of 1 $&1y double coset representatives. Then
F $=. [Ry y : y # F]
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is a finite fundamental set of integral solutions of Eq. 1 with respect to the
action of 1 $.
Let x=(x1 , ..., xn+1) be an integral solution of Eq. 1. Then there is a z
in F $ and a g in 1 $ such that x= gz. Let Pz be the hyperplane in Hn that
is Lorentz orthogonal to z. Then by Theorem 3.2.12 in Ratcliffe [15], we
have
|xn+1 |=|en+1 b x|
=|en+1 b gz|=- k sinh d(en+1, gPz).
Let t=- k sinh r. Then d(en+1 , gPz)r if and only if |xn+1 |t.
If h is in 1 $, then gz=hz if and only if g&1h is in the stabilizer 1 $z of z.
Thus to count all the integral solutions x of Eq. 1 in the orbit 1 $z such that
|xn+1 |t, we need to count all the cosets g1 $z in 1 $1 $z such that
d(en+1, gPz)r. As g is an isometry of Hn, we have that
d(en+1 , gPz)=d(g&1en+1 , Pz).
Now 1 $z acts freely on H n and Pz , since 1 $ is torsion-free. Therefore the
cosets g1 $z such that d(en+1 , gPz)r correspond to the points in the pro-
jection of the 1 $-orbit of en+1 that lie in the closed r-neighborhood
C(Pz1 $z , r) of Pz1 $z in Hn1 $z . By the obvious generalization of
Theorem 2.5 in Eskin and McMullen [8], we have, as r  ,
|[1 $z gen+1 : g # 1 $ and d(1 $z gen+1 , Pz1 $z)r] |t
Vol(C(Pz1 $z , r))
Vol(Hn1 $)
.
By Theorem 3 in Herrmann [9], we have
Vol(C(Pz1 $z , r))t
2
n&1
Vol(Pz1 $z) coshn&1 r.
Now we have
r(n, k, t)= :
z # F $
|[g1 $z # 1 $1 $z : d(en+1 , gPz)r]|.
Therefore
r(n, k, t)t
2
n&1
:
z # F $
Vol(Pz1 $z)
Vol(Hn1 $)
tn&1
k(n&1)2
. (20)
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Let z be in F $. Then there is a y in F and an h in Ry such that z=hy.
Observe that
Vol(Pz1 $z)=Vol(Phy1 $hy)
=Vol(hPy h1 $yh&1)
=Vol(Py1 $y)
=[1y : 1 $y] Vol(Py1y).
Now we have
[1 : 1 $1y]=[1 : 1 $][1y : 1 $y].
Therefore
:
z # Ry y
Vol(Pz1 $z)=[1 : 1 $] Vol(Py 1y)
and so
:
z # F $
Vol(Pz1 $z)
Vol(H n1 $)
= :
y # F
Vol(Py1y)
Vol(H n1 )
.
Thus, we have
r(n, k, t)t
2
n&1
:
y # F
Vol(Py 1y)
Vol(H n1)
tn&1
k(n&1)2
. (21)
Let y be in F. We now determine +( y, J ). In order to conform with
Siegel’s formalism in Chapter IV of [20], we shall work with the quadratic
form x21&x
2
2& } } } &x
2
n+1 , and so now
J=diag(1, &1, ..., &1).
Then +( y, J ) is defined by the formula
+( y, J )=|det W | 12 |
F ( y)
[dY0]
[dq][dR]
, (22)
where W is the (n+1)_(n+1)-matrix
W=diag(&k, 1, &1, ..., &1)
and F ( y) is a fundamental domain for the action of 1y on a space 0(q, R).
Let Y be a real (n+1)_(n+1)-matrix such that YtJY=W and Y is of the
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form Y=( yY0) with Y0 an (n+1)_n-matrix. The space 0(q, R) is defined
by the formula
0(q, R)=[Y0 : YtJY=W ].
Now Y0=(Y1 Y2) with Y1 an (n+1)_1-matrix and Y2 an (n+1)_
(n&1)-matrix. By Formula 118 of Siegel [20], Formula 22 reduces to the
formula
+( y, J)=\n&1 k(2&n)2 |
F( y)
[dY1]
[dv][dT ]
. (23)
Here F( y) is a fundamental domain for the action of 1y on the space of all
Y1 satisfying the equations ytJY1=0 and Y t1JY1=1.
Let us first consider the special case when k is a square and y=- k en+1.
Then the equation ytJY1=0 implies that Y1n+1=0. Thus Py=H n&1 and
1y=PO(1, n&1; Z). Note that the proof breaks down here when n=2
because the group PO(1, 1 ; Z) is finite. The variables v and T are defined
by the equations
T=Y 211&Y
2
12& } } } &Y
2
1n+1 ,
v=ytJY1=&- k Y1n+1
and we are integrating on the surface defined by the equations T=1 and
v=0. Observe that
\TY1jvY1j +=\
2Y11
0
&2Y12
0
} } }
} } }
&2Y1n
0
&2Y1n+1
&- k +
has maximum rank on the surface as required by Siegel [20]. Let
Y12 , ..., Y1n be local coordinates for the surface. Then we have
2Y11 &2Y12 } } } &2Y1n &2Y1n+1
0 1
(T, Y12 , ..., Y1n , v)
(Y11 , ..., Y1n+1)
= } b . . . }1
0 } } } 0 &- k
=&2 - k Y11 .
Let 2 be the absolute value of the last expression. Then by Theorem 3.4.1
in Ratcliffe [15], we have
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|
F( y)
[dY1]
[dv][dT]
=|
F( y)
dY12 } } } dY1n
2
=
1
2 - k |F( y)
dY12 } } } dY1n
Y11
=
1
2 - k
Vol(F( y))
=
1
2 - k
Vol(Py1y).
We now treat the general case of y in F. Let z=- ken+1. Then by
Theorem 3.1.5 in Ratcliffe [15], there is a positive Lorentzian
(n+1)_(n+1)-matrix A, with respect to the Lorentzian inner product
x b y=x1 y1&x2 y2& } } } &xn+1 yn+1 ,
such that z=Ay. Let Z1 be the (n+1)_1-matrix defined by Z1=AY1 .
Then we have
T=Y1 b Y1=AY1 b AY1=Z1 b Z1 ,
v=y b Y1=Ay b AY1=z b Z1 .
Let Z12 , ..., Z1n be local coordinates for the surface defined by the equa-
tions
T=Y1 b Y1=1,
v=y b Y1=0
and for the surface defined by the equations
T=Z1 b Z1=1,
v=z b Z1=0.
Observe that
(T, Z12 , ..., Z1n , v)
(Y11 , ..., Y1n+1)
=\
(T, Z12 , ..., Z1n , v)
(Z11 , ..., Z1n+1)
, (24)
since
(Z11 , ..., Z1n+1)
(Y11 , ..., Y1n+1)
=det A=\1.
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Let 2(Y1) (resp. 2(Z1)) denote the absolute value of the left (resp. right)
side of Eq. 24. Then, by the integration argument in the special case, we
have
|
F( y)
[dY1]
[dv][dT]
=|
F( y)
dZ12 } } } dZ1n
2(Y1)
=|
AF( y)
dZ12 } } } dZ1n
2(Z1)
=
1
2 - k
Vol(AF( y))
=
1
2 - k
Vol(F( y))
=
1
2 - k
Vol(Py1y).
Thus, in general, we have from Formula 23 that
+( y, J)= 12\n&1k
(1&n)2 Vol(Py 1y). (25)
We now revert back to our old definition of J. From Formulas 12, 13, and
18, we have
:
y # F
+( y, J)= 12 \n Vol(H
n1 ) $(J, k). (26)
Therefore, from Formulas 15, 25, and 26, we derive that
:
y # F
Vol(Py 1y)
Vol(Hn1 )
=
k(n&1)2?n2
1 \n2+
$(J, k). (27)
Thus, from Formulas 21 and 27, we deduce the following theorem with
$(n, k)=$(J, k).
Theorem 4. Let k be a positive integer which is not a square in case
n=2. Then, for all n2, as t  ,
r(n, k, t)t
Vol(Sn&1)
(n&1)
$(n, k) tn&1.
510 RATCLIFFE AND TSCHANTZ
File: DISTIL 312914 . By:DS . Date:03:07:01 . Time:06:40 LOP8M. V8.0. Page 01:01
Codes: 2284 Signs: 1239 . Length: 45 pic 0 pts, 190 mm
Note that the formula in Theorem 4 does not hold when n=2 and
k is a square. For an asymptotic formula in the case n=2 and k=1, see
Scourfield [17].
4. COMPUTATION OF THE 2-ADIC DENSITY $2(n, k)
The density $(n, k) is an infinite product
$(n, k)=‘
p
$p(n, k) (28)
over all prime numbers where
$p(n, k)= lim
a  
Apa(n, k)
pan
(29)
and Aq(n, k) is the number of solutions of the congruence
x21+ } } } +x
2
n&x
2
n+1 #k mod q.
It turns out that the sequence in the limit in Eq. 29 is eventually constant,
and so $p(n, k) is a rational number called the p-adic density of the
representation, Eq. 1. In this section, we compute, the 2-adic density
$2(n, k) for each n2 and each nonzero integer k.
Lemma 5. For each n2 and each integer k, we have A2(n, k)=2n.
Proof. There are 2n choices for x1 , ..., xn mod 2 and for each we have
that
xn+1 #x2n+1 #x
2
1+ } } } +x
2
n&k mod 2
gives the only possible solution for xn+1. K
Lemma 6. For each n2 and each integer k, we have
A4(n, k)=2n(2n+2(n+1)2 sin((n+1&2k) ?4)).
Proof. First, x2#0 or 1 mod 4 depending on whether x is even or odd.
For xn+1 even, the number of odd xi , for in, must be congruent to k
mod 4 while for xn+1 odd, the number of odd xi , for in, must be con-
gruent to k+1 mod 4. Hence we have
A4(n, k)=2n+1(s(n, k)+s(n, k+1)),
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where s(n, k) is the number of subsets of an n element set having car-
dinality congruent to k mod 4. We can easily calculate
s(n, k)=2(n&2)+2(n&2)2 cos((n&2k) ?4).
On combining the last two equations and simplifying, we obtain the
desired formula. K
Lemma 7. For each n2 and each integer k, we have
A8(n, k)=2nA4(n, k)+22n+1=(n, k),
where
1 if n&k#1 mod 8,
=(n, k)={&1 if n&k#5 mod 8,0 otherwise.
Proof. Consider the relationship between the solutions of Eq. 1 mod 4
and solutions mod 8. First, x2#1 mod 8 when x is odd, x2#0 mod 8
when x#0 mod 4, and x2#4 mod 8 when x#2 mod 4. If n#k+1 mod
4, then there will be 2n+1 mod 4 solutions x having all odd components.
If n#k+1 mod 8, then each such totally odd mod 4 solutions x lifts to
2n+1 mod 8 solutions for a total of 4n+1 totally odd solutions mod 8. If
n#k+5 mod 8 on the other hand, no totally odd mod 4 solution x lifts
to a mod 8 solution.
Next, consider mod 4 solutions x in which some x i is even. Whether x
is a solution mod 4 depends only on the parity of the x i , so there are just
as many solutions having an even number of components with x i #2 mod
4, as there are solutions having an odd number of components with x i #2
mod 4, since a nonempty finite set has just as many even order subsets as
odd order subsets. For the x’s mod 8 which are lifts of a solution x , the
value of x21+ } } } +x
2
n&x
2
n+1 is the same and is congruent to either k or
k+4 mod 8 depending on whether an even or an odd number of x i are
congruent to 2 mod 4. Hence exactly half of the solutions mod 4 that are
not totally odd lift to 2n+1 solutions mod 8. We conclude then that
A8(n, k)==1 4n+1+2n+1(A4(n, k)&=22n+1)2,
where =1=1 if n#k+1 mod 8 and =1=0 otherwise, and =2=1 if n#k+1
mod 4 and =2=0 otherwise. Simplifying, we have
A8(n, k)=2nA4(n, k)+=22n+1,
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where ==1 if n#k+1 mod 8, ==&1 if n#k+5 mod 8, and ==0
otherwise. K
In order to simplify notation, define
f (a, n, k)=A2a(n, k).
Lemma 8. Let a, n, k be integers such that a4 and n2. If 4 |% k, then
f (a, n, k)=2nf (a&1, n, k).
If 4 | k, then
f (a, n, k)=2nf (a&1, n, k)+2n+1f (a&2, n, k4)
&22n+1f (a&3, n, k4).
Proof. Consider solutions x mod 2a&1. Since
(x i+2a&1)2#x 2i mod 2
a,
each x solution mod 2a&1 lifts to either 2n+1 solutions or no solutions
mod 2a. Let x^ be the reduction mod 2a&2 of a solution mod 2a&1. Then
there are 2n+1 solutions mod 2a&1 congruent to x^ mod 2a&2 only differing
from each other by 2a&2 in some components. Now when x^i is odd,
(x^i+2a&2)2#x^2i +2a&1 mod 2a.
If some component of x^ is odd, then each x mod 2a&1 congruent to
x^ mod 2a&2 will lift to an x mod 2a having x21+ } } } +x
2
n&x
2
n+1 congruent
to k or k+2a&1 mod 2a depending on whether there are an even or an odd
number of odd components x i #x^i+2a&2. If some component of x^ is odd,
then there will be as many lifts x mod 2a&1 having an even number of odd
x i #x^i+2a&2 mod 2a&1 as there are having an odd number. Hence,
exactly half of the x solutions mod 2a&1 that are not totally even will lift
to 2n+1 solutions mod 2a.
If there are any totally even solutions x mod 2a, then 4 must divide k
and reducing x2 mod 2a&2 gives a y mod 2a&2 such that
y21+ } } } + y
2
n& y
2
n+1 #k4 mod 2
a&2.
Conversely, given a y mod 2a&2 satisfying the above congruence, doubling
any of the 2n+1 lifts of y mod 2a&1 gives a solution mod 2a. The number
of totally even solutions mod 2a is thus 2n+1f (a&2, n, k4). Similarly, the
number of totally even solutions mod 2a&1 is 2n+1f (a&3, n, k4) and so
the number of solutions mod 2a&1 that are not totally even is
f (a&1, n, k)&2n+1f (a&3, n, k4)
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and half of these lift to 2n+1 solutions mod 2a and the other half lift to no
solutions mod 2a. Hence, the total number of solutions mod 2a is given by
f (a, n, k)=2n( f (a&1, n, k)&2n+1f (a&3, n, k4))
+2n+1f (a&2, n, k4). K
We are now ready to derive our formulas for the 2-adic density $2(n, k)
of the representation, Eq. 1.
Theorem 9. Let n and k be integers such that n2 and k is nonzero. If
4 |% k, then
$2(n, k)=
A8(n, k)
23n
.
If 4 | k, write k=4cl with 4 |% l, then
$2(n, k)=
A8(n, l)
2c(n&1)+3n
+
A8(n, 4l)
2(c&1)(n&1)+3n
+
(2(c&1)(n&1)&1) A8(n, 0)
2(c&2)(n&1)+3n(2n&1&1)
&
2c(n&1)&1
2c(n&1)(2n&1&1)
.
Proof. First assume that 4 |% k. Then by Lemma 8, we have that
f (a, n, k)=2(a&3) nf (3, n, k) for all a3.
Therefore, we have
f (a, n, k)
2an
=
f (3, n, k)
23n
for all a3.
Thus $2(n, k) is given by the formula in the statement of the theorem.
Now assume that k=4cl with c1. To conserve space, write
f (a, k)= f (a, n, k).
We show by induction on m for 1ma&3 that
f (a, n, 4cl)=2mnf (a&m, 4cl)+2n+1f (a&2, 4c&1l)
&2(m+1) n+1f (a&m&2, 4c&1l). (30)
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When m=1, Formula 30 is simply Lemma 8. Suppose that Formula 30
holds for m<a&3 and applying Lemma 8 to the first term on the right
side of Formula 30, we see that
f (a, n, 4cl)=2mn(2nf (a&m&1, 4cl)+2n+1f (a&m&2, 4c&1l)
&22n+1f (a&m&3, 4c&1l))+2n+1f (a&2, 4c&1l)
&2(m+1) n+1f (a&m&2, 4c&1l)
=2(m+1) nf (a&m&1, 4cl)+2n+1f (a&2, 4c&1l)
&2(m+2) n+1f (a&m&3, 4c&1l)
which is the (m+1) st case of Formula 30. We conclude that Formula 30,
with m=a&3, implies that
f (a, n, 4cl)=2(a&3) nf (3, 4cl)+2n+1f (a&2, 4c&1l)
&2(a&2) n+1f (1, 4c&1l).
By applying Lemma 5 to the last term of the above equation, we have
f (a, n, 4cl)=2(a&3) nf (3, 4cl)+2n+1f (a&2, 4c&1l)&2(a&1) n+1. (31)
We now show by induction on c for a2c+3 that
f (a, n, 4cl)=
2an(2(c&1)(n&1)&1) f (3, 0)
2(c&2)(n&1)+3n(2n&1&1)
+
2anf (3, 4l)
2(c&1)(n&1)+3n
+
2anf (3, l)
2c(n&1)+3n
&
2an(2c(n&1)&1)
2c(n&1)(2n&1&1)
. (32)
If c=1, then by the first part of the theorem, we have
f (a&2, 4c&1l)=2(a&5) nf (3, l).
On substituting the above equation into Formula 31, we obtain the
formula
f (a, n, 4l)=
2anf (3, 4l)
23n
+
2anf (3, l)
24n&1
&
2an
2n&1
which establishes the case c=1 of Formula 32.
Now suppose c>1. Then 4cl#0 mod 8. Hence Formula 31 simplifies to
the formula
f (a, n, 4cl)=2(a&3) nf (3, 0)+2n+1f (a&2, 4c&1l)&2(a&1) n+1. (33)
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We may apply the induction hypothesis to f (a&2, 4c&1l), since a2c+3
implies that a&22(c&1)+3. Then we have
f (a&2, 4c&1l)=
2(a&2) n(2(c&2)(n&1)&1) f (3, 0)
2(c&3)(n&1)+3n(2n&1&1)
+
2(a&2) nf (3, 4l)
2(c&2)(n&1)+3n
+
2(a&2) nf (3, l)
2(c&1)(n&1)+3n
&
2(a&2) n(2(c&1)(n&1)&1)
2(c&1)(n&1)(2n&1&1)
.
On substituting the above formula into Formula 33 and simplifying, we
obtain Formula 32 which completes the induction.
Finally, observe that for all a2c+3, we have
f (a, n, k)
2an
=
f (2c+3, n, k)
2(2c+3) n
.
Therefore $2(n, k) is given by the formula in the statement of the
theorem. K
The next result is an interesting fact that is not obvious.
Lemma 10. Let n and k be integers such that n2. If n#1 mod 4, then
$2(n, k) is an even function of k.
Proof. On considering the two cases n#1, 5 mod 8, one sees easily that
A4(n, k) and =(n, k) are even functions of k. Hence A8(n, k) is an even func-
tion of k by Lemma 7. Therefore $2(n, k) is an even function of k by
Theorem 9. K
5. COMPUTATION OF THE DENSITY $(n, k)
In this section we compute the density $(n, k) of the representation,
Eq. 1. The following lemma follows from Lemma 16 of Siegel [18].
Lemma 11. Let n and k be integers such that n2 and k is nonzero,
and let p be an odd prime number. Write k= pcl with p |% l and define the
Legendre symbol
=={\
(&1)(n&1)2
p +
\(&1)
(n&2)2 l
p +
n odd,
n even,
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and set
r={p
&((n&1)2)
p&(n&1)
n odd,
n even.
Then the p-adic density $p(n, k) is given by the formula
(1&=p&((n+1)2))
((=r)c+1&1)
=r&1
n odd,
$p(n, k)={ (1& p&n) (r(c+1)2&1)r&1 n even, c odd,(1& p&n) rc2&1
r&1
+(1+=p&(n2)) rc2 n even, c even.
In particular, if p |% k, then
$p(n, k)={
1&\(&1)
(n&1)2
p + p&((n+1)2)
1+\(&1)
(n&2)2 k
p + p&(n2)
n odd,
n even.
If D is a quadratic discriminant, let L(s, D) denote the Dirichlet L-series
defined by the formula
L(s, D)= :

n=1 \
D
n + n&s
where (Dn) is a Kronecker symbol [3]. The function L(s, D) has an Euler
product decomposition
L(s, D)=‘
p \1&\
D
p + p&s+
&1
.
As (Dp)=0 when p | D, the above product is really over all prime numbers
p not dividing D. As usual, let ‘(s) denote the Riemann zeta function. In order
to have uniformity of notation, we define L(s, 1)=‘(s). We are now ready
to state our formulas for the density $(n, k) of the representation, Eq. 1.
Theorem 12. Let n be an integer such that n2 and let k be a nonzero
integer such that k is not a square in case n=2. Write k=c2d with d square
free.
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If n is even, set
D={(&1)
(n&2)2 d
4(&1)(n&2)2 d
if (&1)(n&2)2 d#1 mod 4,
otherwise.
Then
$(n, k)= ‘
p | D
$p(n, k)
(1& p&n)
‘
p |% D
p | 2k
$p(n, k)
\1+\Dp + p&(n2)+
}
L \n2, D+
‘(n)
.
If n is odd, set
D={ 1&4
if n#1 mod 4,
if n#3 mod 4.
Then
$(n, k)= ‘
p | 2k
$p(n, k)
\1&\Dp + p&((n+1)2)+
}
1
L \n+12 , D+
.
Proof. Assume that n is even. By Lemma 11, we have that
$(n, k)=‘
p
$p(n, k)
= ‘
p | 2k
$p(n, k) ‘
p |% 2k
$p(n, k)
= ‘
p | 2k
$p(n, k) ‘
p |% 2k \1+\
(&1)(n&2)2 k
p + p&(n2)+
= ‘
p | 2k
$p(n, k) ‘
p |% 2k \1+\
D
p + p&(n2)+
= ‘
p | 2k
$p(n, k) ‘
p |% D
p | 2k \1+\
D
p + p&(n2)+
&1
‘
p |% D \1+\
D
p + p&(n2)+
= ‘
p | 2k
$p(n, k) ‘
p |% D
p | 2k \1+\
D
p + p&(n2)+
&1
‘
p |% D \1&\
D
p + p&(n2)+
&1
‘
p |% D
(1& p&n)&1
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= ‘
p | 2k
$p(n, k) ‘
p |% D
p | 2k \1+\
D
p + p&(n2)+
&1 L \n2, D+
‘
p | D
(1& p&n) ‘(n)
= ‘
p | D
$p(n, k)
(1& p&n)
‘
p |% D
p | 2k
$p(n, k)
\1+\Dp + p&(n2)+
}
L \n2 , D+
‘(n)
.
Assume that n is odd. By Lemma 11, we have that
$(n, k)=‘
p
$p(n, k)
= ‘
p | 2k
$p(n, k) ‘
p |% 2k
$p(n, k)
= ‘
p | 2k
$p(n, k) ‘
p |% 2k \1&\
(&1)(n&1)2
p + p&((n+1)2)+
= ‘
p | 2k
$p(n, k) ‘
p |% 2k \1&\
D
p + p&((n+1)2)+
= ‘
p | 2k
$p(n, k) ‘
p | 2k \1&\
D
p + p&((n+1)2)+
&1
‘
p \1&\
D
p + p&((n+1)2)+
= ‘
p | 2k
$p(n, k)
\1&\Dp + p&((n+1)2)+
}
1
L \n+12 , D+
. K
Let c(n, k) be the coefficient of tn&1 in Formula 2. We now consider
some of the properties of c(n, k).
Theorem 13. Let n be an integer such that n2 and let k be a nonzero
integer such that k is not a square in case n=2. Let D be defined as in
Theorem 12. Then there is a positive rational number q(n, k) with the follow-
ing properties:
If n is even and k<0, then
c(n, k)=q(n, k)- &k.
If n is even and k>0, then
c(n, k)=q(n, k) L \n2 , D+<?n2.
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If n is odd, then
c(n, k)=q(n, k) ?(n&1)2L \n+12 , D+ .
Proof. Recall that
Vol(S n&1)=2?n21 \n2+ . (34)
TABLE I
Approximations by Representation Numbers, Approximate Numerical Value, and Exact
Value of c(2, k) for |k|10 and k Not a Square
k
r(2, k, 103)
103
r(2, k, 104)
104
r(2, k, 105)
105
r(2, k, 106)
106
c(2, k). c(2, k)
&10 2.544 2.5456 2.53488 2.530272 2.529822 8- 10
&9 3.362 3.3226 3.33274 3.335362 3.333333 103
&8 7.048 7.0624 7.07192 7.070552 7.071068 10- 2
&7 6.072 6.0280 6.04240 6.047824 6.047432 16- 7
&6 3.232 3.2768 3.26096 3.263344 3.265986 8- 6
&5 3.576 3.5480 3.57672 3.578680 3.577709 8- 5
&4 5.002 5.0234 5.00098 5.000570 5.000000 5
&3 4.696 4.6104 4.61944 4.618968 4.618802 8- 3
&2 2.880 2.8424 2.83096 2.828640 2.828427 4- 2
&1 1.986 1.9770 2.00226 1.999506 2.000000 2
0
1
2 1.572 1.5692 1.58548 1.587316 1.587030
8 log(1+- 2)
- 2 ?
3 1.912 1.9512 1.93848 1.936872 1.936205
8 log(2+- 3)
- 3 ?
4
5 3.248 3.2752 3.29440 3.287840 3.288082
48 log((12)+(- 52))
- 5?
6 2.384 2.3968 2.39312 2.384176 2.383202
8 log(5+2 - 6)
- 6 ?
7 2.624 2.6792 2.66496 2.664432 2.664775
8 log(8+3 - 7)
- 7 ?
8 3.988 3.9732 3.96988 3.966148 3.967575
20 log(1+- 2)
- 2 ?
9
10 2.920 2.9336 2.92680 2.929336 2.928671
16 log(3+- 10)
- 10 ?
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Therefore, by Theorems 3 and 4, we have that
c(n, k)=
2?n2 $(n, k)
(n&1) 1 \n2+
. (35)
Assume that n is even and k<0. Then by Theorem 12, it suffices to show
that
q=- &k ?n2L \n2 , D+<‘(n)
is a rational number. By Euler’s formula, we have
‘(n)=2n&1?n |Bn |n !, (36)
TABLE II
Approximations by Reprsentation Numbers, Approximate Numerical Value,
and Exact Value of c(3, k) for |k|10 with L(2)=L(2, &4)
k
r(3, k, 102)
104
r(3, k, 103)
106
r(3, k, 104)
108
c(3, k). c(3, k)
&10 6.2448 6.179712 6.173163 6.173667 9?5L(2)
&9 2.6270 2.676438 2.66822 2.667634 7?9L(2)
&8 6.3324 6.433644 6.430167 6.430903 15?8L(2)
&7 8.9364 8.831052 8.820583 8.819525 18?7L(2)
&6 5.8656 5.731664 5.717944 5.716359 5?3L(2)
&5 4.1100 4.114140 4.116190 4.115778 6?5L(2)
&4 6.0578 5.995834 6.002489 6.002176 7?4L(2)
&3 6.8796 6.871836 6.859332 6.859630 2?L(2)
&2 5.2296 5.152320 5.145353 5.144722 3?2L(2)
&1 3.4602 3.434146 3.429476 3.429815 ?L(2)
0
1 10.4286 10.298838 10.290611 10.289445 3?L(2)
2 8.6044 8.568540 8.573183 8.574538 5?2L(2)
3 2.3108 2.290612 2.286813 2.286543 2?3L(2)
4 7.7838 7.729254 7.718151 7.717084 9?4L(2)
5 12.4644 12.347076 12.349364 12.347334 18?5L(2)
6 3.5736 3.436392 3.429348 3.429815 ?L(2)
7 3.0276 2.947428 2.940086 2.939842 6?7L(2)
8 7.3752 7.297760 7.291012 7.288357 17?8L(2)
9 8.1258 8.015514 8.004350 8.002902 7?3L(2)
10 10.4568 10.307928 10.290076 10.289445 3?L(2)
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where Bn is the n th Bernoulli number. Let Bm(x) be the m th Bernoulli
polynomial. If n#2 mod 4, then D<0, while if n#0 mod 4, then D>0.
Hence, we have the following classical formula [21]:
L \n2 , D+=
(2?)n2
2- |D| \n2+ !
} :
|D|
j=1 \
D
j + Bn2 \
j
|D|+}. (37)
Therefore q is a rational number, and so c(n, k) - &k is a rational
number.
If n is even and k>0, then by Theorem 12 and Euler’s formula, we
deduce that c(n, k) ?n2L(n2, D) is a rational number. If n is odd, then by
Theorem 12, we deduce that c(n, k) L((n+1)2, D)?(n&1)2 is a rational
number. K
TABLE III
Approximations by Representations Numbers, Approximate Numerical Value, and
Exact Value of c(4, k) for |k|10 with L(2)=L(2, &4)
k
r(4, k, 102)
106
r(4, k, 103)
109
r(4, k, 104)
1012
c(4, k). c(4, k)
&10 9.062944 8.875211 8.856393 8.854377 28- 10
&9 4.643186 4.638591 4.630243 4.629630 12527
&8 4.451632 4.422266 4.419734 4.419417 254 - 2
&7 8.709600 8.645758 8.639829 8.639188 1607 - 7
&6 8.288256 8.179236 8.166405 8.164966 20- 6
&5 5.097072 5.019474 5.009713 5.008792 565 - 5
&4 5.687650 5.631316 5.624998 5.625000 458
&3 7.806352 7.708515 7.698974 7.698004 403 - 3
&2 7.167248 7.085339 7.072446 7.071068 10- 2
&1 5.117490 5.014589 5.001135 5.000000 5
0
1 7.521848 7.433489 7.425349 7.424537 80L(2)?2
2 8.777336 8.646079 8.631927 8.630410 80L(2, &8)?2
3 5.659888 5.550536 5.542164 5.541374 70L(2, &3)?2
4 4.704680 4.646032 4.640922 4.640336 50L(2)?2
5 9.243968 9.156432 9.145175 9.143575 80L(2, &20)?2
6 8.724448 8.586732 8.575234 8.574257 80L(2, &24)?2
7 3.608576 3.509717 3.502200 3.501434 30L(2, &7)?2
8 5.445576 5.398594 5.394324 5.394006 50L(2, &8)?2
9 8.673144 8.538282 8.525735 8.524469 2480L(2)27?2
10 7.784048 7.563599 7.551600 7.549875 80L(2, &40)?2
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Theorem 14. If n is an integer such that n#1 mod 4 and n>1, then
c(n, k) is an even function of k.
Proof. By Lemma 10, we have that $2(n, k) is an even function of k,
and for each odd prime number p, the density $p(n, k) depends only on the
largest power of p dividing k by Lemma 11. Therefore, $(n, k) is an even
function of k. Hence c(n, k) is an even function of k. K
The coefficient c(n, k) of tn&1 in Formula 2 can be easily computed by
the formulas in this paper. In Tables IV, we list the values of c(n, k) for
n=2, ..., 6, respectively, for small values of k. The values of c(2, k) for
positive k in Table 1 were obtained by evaluating L(1, D) by Dirichlet’s
class number formula [3],
L(1, D)=
2h(D) log(=(D))
- D
. (38)
TABLE IV
Approximations by Representation Numbers, Approximate Numerical Value, and
Exact Value of c(5, k) for |k|10
k
r(5, k, 102)
108
r(5, k, 103)
1012
r(5, k, 104)
1016
c(5, k). c(5, k)
&10 8.272894 8.147688 8.134006 8.132401 104?2105‘(3)
&9 7.206404 7.046406 7.029882 7.028000 208?2243‘(3)
&8 4.474783 4.407587 4.399510 4.398534 15?228‘(3)
&7 6.449075 6.391110 6.384069 6.383360 800?21029‘(3)
&6 8.859562 8.706033 8.690167 8.688462 200?2189‘(3)
&5 6.623997 6.520497 6.507516 6.505920 416?2525‘(3)
&4 5.178678 5.093171 5.083694 5.082750 13?221‘(3)
&3 7.059525 6.961224 6.951816 6.950770 160?2189‘(3)
&2 7.970633 7.835496 7.821150 7.819616 20?221‘(3)
&1 6.419558 6.273651 6.257526 6.255693 16?221‘(3)
0
1 6.354585 6.263716 6.256530 6.255693 16?221‘(3)
2 7.970776 7.834693 7.821101 7.819616 20?221‘(3)
3 7.129102 6.968188 6.952512 6.950770 160?2189‘(3)
4 5.193453 5.091943 5.083652 5.082750 13?221‘(3)
5 6.617573 6.516365 6.506935 6.505920 416?2525‘(3)
6 8.877839 8.707750 8.690297 8.688462 200?2189‘(3)
7 6.536838 6.398117 6.384739 6.383360 800?21029‘(3)
8 4.509900 4.408469 4.399529 4.398534 15?228‘(3)
9 7.131459 7.036651 7.028932 7.028000 208?2243‘(3)
10 8.325634 8.149027 8.133944 8.132401 104?2105‘(3)
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TABLE V
Approximations by Representation Numbers, Approximate Numerical Vaule, and
Exact Value of c(6, k) for |k|10
k
r(6, k, 102)
1010
r(6, k, 103)
1015
r(6, k, 104)
1020
c(6, k). c(6, k)
&10 6.894609 6.761950 6.746819 6.745138 2133100 - 10
&9 7.208979 7.046987 7.029707 7.027778 25336
&8 5.737873 5.609154 5.594937 5.593325 2025256 - 2
&7 5.099240 5.009708 4.999528 4.998387 64849 - 7
&6 7.169932 7.056273 7.043689 7.042283 694 - 6
&5 7.443479 7.265407 7.246953 7.244860 815 - 5
&4 5.409762 5.287740 5.274913 5.273438 675128
&3 5.689251 5.592182 5.582162 5.581053 293 - 3
&2 7.330220 7.176275 7.161082 7.159456 818 - 2
&1 6.928158 6.768480 6.751888 6.750000 274
0
1 5.618917 5.507481 5.496589 5.495389 567‘(3)4?3
2 6.823099 6.690486 6.677798 6.676396 216L(3, 8)?3
3 7.098559 6.916590 6.898891 6.896947 216L(3, 12)?3
4 5.833593 5.683005 5.668703 5.667120 18711‘(3)128?3
5 5.527472 5.408486 5.397837 5.396712 783L(3, 5)4?3
6 7.165857 7.009641 6.995398 6.993790 216L(3, 24)?3
7 7.382857 7.188066 7.169736 7.167724 216L(3, 28)?3
8 5.380734 5.230774 5.217424 5.215934 675L(3, 8)4?3
9 5.444589 5.326030 5.315613 5.314471 1645‘(3)12?3
10 7.385564 7.223853 7.209757 7.208216 216L(3, 40)?3
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